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Abstract: We provide a simple method for writing the Dirac-Born-Infeld (DBI) 
equations of a Dp-brane in an arbitrary static background whose metric depends 
only on the holographic radial coordinate z. Using this method we revisit the Karch- 
O'Bannon's procedure to calculate the DC conductivity in the presence of constant 
electric and magnetic fields for backgrounds where the boundary is four or three 
dimensional and satisfies homogeneity and isotropy. We find a frame-independent 
expression for the DC conductivity tensor. For particular backgrounds we recover 
previous results on holographic metals and strange metals. 
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1. Introduction 

Holography provides a new approach for investigating strongly coupled field theories. 
The most important case is given by the AdS/CFT correspondence that maps 
gauge theories with conformal symmetry to String/M theories compactified into Anti- 
de-Sitter spacetimes. The AdS/CFT correspondence was conjectured by Maldacena 
after investigating N coincident branes in String/M theory in the large-N limit. At 
low energies some of these configurations describe conformal gauge theories at weak 
coupling while at strong coupling they lead to supergravity solutions involving Anti- 
de-Sitter spacetimes. 

For example, the holographic dual of M = 4 U(N) Super Yang-Mills theory in 
4-d is Type IIB String Theory in AdS^ x S 5 . This duality arises from a configuration 
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of N coincident D3-branes in the large-N limit. This example is very interesting for 
many theoretical reasons (for instance integrability) and provides new insights into 
the old problem of non-perturbative QCD. Another interesting example is the M = 6 
k-level U(N) x U(N) Super Chern-Simons gauge theory in 3-d, whose holographic 
dual is M-theory in AdS± x S 7 /Zk- In this case the duality arises after consider- 
ing a configuration of M2-branes in M theory. This example has inspired recent 
holographic models for condensed matter physics. 

An interesting problem in condensed matter systems is to describe charge trans- 
port in strongly coupled theories. In holography, this is achieved by the inclusion of 
fermionic charge carriers in the AdS/CFT correspondence. A very simple method 
of including fermions in the AdS/CFT correspondence consists of the inclusion of 
Nf Dp-branes in the probe limit Nf <C N. This was originally proposed in the 4-d 
case 0] where Nf D7-branes are included on top of N D3-branes. The probe limit 
Nf <C iV guarantees that the backreaction of the D7-branes on the bulk geometry 
can be ignored. The fermions are interpreted as quarks in the 4-d field theory whose 
dual are strings stretching from the D3-branes to the D7-branes. 

In this paper we consider the problem of probe Dp-branes in an arbitrary static 
background whose metric depends only on the holographic radial coordinate z. We 
provide a simple and elegant method to write the Dirac-Born-Infeld (DBI) equations 
that describe the dynamics of the Dp-brane. Using these results we calculate the 
electromagnetic currents through holographic methods for a general gauge field con- 
figuration. We find a nice expression for the case when the gauge field strengths on 
the brane depends only on the radial coordinate z. As an application, we consider 
the case of constant electric and magnetic fields and calculate the DC conductivity 
tensor when the boundary is four and three dimensional and satisfies homogeneity 
and isotropy. This is done following the Karch-O'Bannon's procedure || |J (see 
also H) which is based on the reality of the brane action. We check our results for 
particular backgrounds, namely the D3-D7 model [0 and the Lifshitz background 
H 0' H> • Our results for the D3-D7 model are consistent with those of || |], 
and are interpreted as holographic metals while in the Lifshitz case the conductivity 
is consistent with [|TTJ and can be interpreted in terms of strange metals. Our results 



are also consistent with a recent method proposed in [12", |HJ , which is based on the 
properties of an effective metric, called open string metric, that arises from the DBI 
action. 

Our paper ends with some conclusions and an appendix describing the Drude 
model and the effect of a 5-d Chern-Simons term on the DBI equations for constant 
electric and magnetic fields. 

2. Dp-brane dynamics and holographic currents 

Consider the dynamics of a probe Dp-brane in an arbitrary static background of the 
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form 

ds 2 = a(z)g mn (z)dx m dx n + b(z)dY? , (2.1) 

where g mn describes aD+1 spacetime that includes the radial coordinate z. We will 
be interested in the cases V = 4 and V — 3 although the results in this section are 
general. 

We assume for simplicity that E is a compact space. We consider the case 
where the Dp-brane fills the spacetime of the internal coordinates x m and wrapping 
a sub manifold Q of dimension p — T> inside E. In a general class of Dp-brane models, 
the submanifold Q is specified by fixing some coordinates in E to constant values 
while one of the coordinates, say 9, depends on the radial coordinate z. 

The induced metric on the Dp-brane takes the form 

ds 2 Dp = a{z)g mn {z)dx m dx n + b{z)dtt 2 =: G MN dx M dx N , (2.2) 
where g zz now includes a contribution arising from d6 2 = 9' 2 {z)dz 2 . 

2.1 The DBI action 

The dynamics of a single Dp brane is described by the abelian DBI action 



Sdbi = -H P J d v xdz d p - v Q e~ V- det(GW + 27ra'F MN ) , 



(2.3) 



where Gmn is the induced metric on the probe brane, Fmn is the world volume 
gauge field strength and 

^ P =(27r)-V- E t 1 (2.4) 

is the brane tension. 

We assume for simplicity, that the gauge fields have nonzero components in 
the x m directions only and these components do not depend on the coordinates of 
Q. Thus, after integrating over the compact submanifold Q we obtain the T> + 1 
dimensional effective action that can be written as 

S DB1 = - J A v xd Z1 {z)^E (2.5) 
where E is the determinant of the tensor defined by 

E mn - = 9mn ~\~ (3(z)J~ mn ; (2-6) 

and 

2W 

P(Z) = -TT' 

a{z) 

l(z) = frVne-tiaiz^Mz))*?. (2.7) 

Here we have used the notation Vq to refer to the volume of the compact submanifold 
Q. Note that T mn denotes the components of the field strength in the x m directions. 
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2.2 DBI equations and holographic currents 



The relevant fields in the effective action ( |2.5|) are the V + 1 dimensional gauge field 
A m and the scalar field 9(z). Therefore the variation of the action (|2.5|) takes the 
form 



6S, 



DBI 



ss 



Bulk 
DBI 



DBI 



(2.8) 



where 



r oBulk 
0D DBI 



+ 



d v xdz<^d ri 



2 



^EE {e ' m A 5A e 



2 v 89 
d v xdz\ dn 



59 



(2.9) 



lly/ZEE^ ) 5A, 



+ 9, 



<J0 



(2.10) 



and £^' m ) = E em - E m£ being the inverse of E lm . 

Since the field variations 5A? and 59 are arbitrary, the bulk term (|2.9| ) leads to 
the DBI equations 



On 



7/3 



^EE (e ' m) 1 = 



(2.11) 
(2.12) 



A natural prescription for the boundary electromagnetic currents in holography 
is the following 

5S , 



5A, 



\ z — z Bdy ' 



(2.13) 



In our case the only contribution comes from the first term in the boundary term 
( |2.10D , so we find 

>/3 



— lim 



-V^EE M 



(2.14) 



The relevant equation for the gauge fields are ( [2. lip . Decomposing these equa- 
tions into £ = (z, 0, i) components we obtain 



d (lly/=EM'A + ft (^fy^EE^A = 



7/3 



J^y^EE^ + ft JZJZeeM 



7/3 



(2.15) 
(2.16) 



-ft (llv^EE^A - do fllv^EE^ + ft (lly/=EE^j = 0(2.17) 
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In the case where the gauge field strength tensor T mn depends only on the radial 
coordinate z, the equation ( [2.15 ) is automatically satisfied while the others can be 



integrated out leading to the equation 

^-y/^EE M = f, (2.18) 

where j M is the holographic current associated with the DBI action, as obtained in 
( |2.14 ). This is a non-trivial equation involving the field strengths on the l.h.s and 



the holographic currents on the r.h.s. 
The contribution from a O-term 

In the T> = 4 case, the boundary field theory is four dimensional and may include 
a G-term of the form 1 . 

S e = ^ vpa J dtd*x®F pu F p(7 , (2.19) 

where 6 = 6(t, x) is a 4-d axion field and F pv = d p A v — d v A p is the four dimensional 
field strength. 

Integrating by parts Q2.19D we obtain 



Se = 2e^ CT J dtcPxfa [QA u F po ] + A,(d u Q)F pa } , (2.20) 



This term provides a contribution to the holographic current : 



Af = — ^ = 2e^(d u Q)F pa . (2.21) 

OA,, 



2.3 The method of /3-expansion 

The method proposed in this paper consists on a series expansion in the param- 
eter (3(z) for the relevant quantities appearing on the DBI equations, namely the 
determinant E and the inverse tensor E m,n . 

Consider the matrix representation of the metric g and the field strength F. 
Then the tensor E mn has a matrix representation given by 

E = g + f3F = g(l+X), (2.22) 

where we have defined X := (3g~ 1 F. Note that this matrix is matrix linear in (3. 
Recalling some properties of the determinant we can write E in terms of X : 

E = det(E) = det(g) det(l + X) 

1 A 9-term may arise from instanton configurations in QCD-like theories and breaks parity 
symmetry, see for instance ]14[ 
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= det(g) exp{Tr[ln(l + X))} . (2.23) 

On the other hand, the tensor E m,n corresponds to the inverse matrix E~ x and can 
also be represented in terms of X : 

E" 1 = (1 + X)~ l g~ 1 . (2.24) 

Now we consider a series expansion in X for the determinant E and the inverse 
tensor E m,n . For the determinant we first expand the matrix ln(l + X) and take the 
trace : 

Tr[ln(l + X)] = -\ Tr(X 2 ) - ~ Tr(X 4 ) - ~ Tr(X 6 ) + . . . , (2.25) 
I 4 o 



where we used the identity Tr(X n ) = for odd values of n. Substituting ( [2.25|) into 
( ^23|) we get 



E = det($){l - ^Tr(X 2 ) - ^Tr(X 4 ) + i[Tr(X 2 )] 2 

- ^Tr(X 6 ) + l[Tr(X 2 )][Tr(X 4 )] - ^[Tr(X 2 )] 3 + ...}. (2.26) 



The traces appearing in the expansion can be written in a tensorial form 



Tr(X z ) = -(3 z F mn F n 

qm i 



Tr(X 4 ) = (3 4 F mn F np F pq F q 



Tr(X 6 ) = fF mn F np F pq F qr F rs F sm , ... (2.27) 

Then we conclude that the determinant has the following /3-expansion 

B 2 B 4 



E = det($){l + l —F mn F mn + P—J^^T, 



mnpq 



06 _ 

gj F ^ F mnpqrs ~\~ ■ ■ ■ ( j (2.28) 



where 



F mnpq ■ F mnF oq F mpF n q ~\~ F xnqF np i 

F ■= T F -T T + T F 

J mnpqrs ■ J mn J pqrs J mp J nqrs ~ J mq J nprs 

F vnrF n pq S ~\~ F msF np qr i • • • (2.29) 

It is easy to check that the covariant tensors F mnpq and F mnpqrs are antisymmetric 
in all the index 2 . 

The expansion ( ^.28| ) involves only even powers of 0. It can also be truncated 
according to the dimension T> + 1 of the spacetime relevant to the effective action. 



2 The antisymmetry of these tensors implies that they admit a representation in terms of Levi- 
Civita symbols. We will not use that representation in this paper, though. 
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This is due to the antisymmetry of the tensors appearing in the expansion. Consider 
for instance the cases T> = 4 or T> = 3 where the effective bulk theory is five or 
four dimensional respectively. In those cases the antisymmetry of the tensor T mnpqrs 
defined in ( [2.29 ) implies that this tensor vanishes. This is also true for the tensors 
appearing at higher order in B. Therefore for T> = 4 and T> = 3 the /3-expansion 
( |2.28p reduces to a polynomial or order (3 4 . 

Now consider the matrix representation ( |2.24 ) of the inverse tensor E m ' n . Ex- 
panding (1 + in a geometric series and using (|2.27| ) we get the following expan- 
sion : 



(2.30) 



We are also interested in the antisymmetric tensor E^ m ' n ^ = E mn — E nm . The terms 
in the expansion ( [2.30|) that contain even powers of /3 are symmetric in m -H- n. 
Therefore, the tensor £'( m ' n ) takes the form 



2^T mp 7 vq T qT 7 rs 7 sn + ... . (2.3i; 



If we multiply the expansion ( |2.31|) with the determinant given in ( (2.28|) we 
obtain the expansion 

EE {m > n) = det(#){ - 2[3F mn - fi>T vq T mnpq - ^7 vq 7 TS 7 mnpqrs + ...}. (2.32) 
The DBI effective action and DBI equations 

The /3-expansion of the determinant E allows us to find a useful expansion for 
the effective DBI action given in (|2.5|) . In (|2.5| ) the lagrangian density is proportional 
to y/—E. Using the /3-expansion in ( 2.28 ) we find that 



V^E 



-gQ{z,x) 



(2.33) 



with Q(z, x) given by 



Q(z,x) 



-r"mn ~r 

J~ J 77 



B A 

-rmnpq -r 

4! 



innpq 



B 6 

I •_ -rmnpqrs -r 

\ „ | J~ -I m/i 

o! 



mnpqrs 



+ . . 



1/2. 



(2.34) 



As a consequence of (|2.33j ) and (|2.32| ) we find that 

r B 2 B 4 

~ 2 



V^EE M = -2/3- 



rmn , r_ -r -rmnpq , r_ ~r ~r -r-mnpqrs , 

J~ \ n J~ pq*J~ o PQ TS** 



. (2.35) 



Q(z,x) 

This is a very useful expansion. In the general case, where the field strengths depend 
not only on z but also on time and spatial coordinates, we can use ( |2.35|) in ( |2.11| ) 
to rewrite the DBI equations as 



Q(z,x) 



B 2 B A 

-rim I i -r -rlrapq _i_ r_ -r ~r -rtmpqrs , 

J~ \ ~ J~ pqJ~ i ^ J~ vqJ~ rs** 



pq-> rs- 



0. (2.36) 
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The DBI equations written in the form ( 2.36|) show explicitly the expansion in /3 



which is equivalent to an expansion in the string length squared a'. This is useful 
if we want to truncate the DBI equations in the limit of small /3. In many brane 
models the product 7/3 2 is independent of z so that in the limit of small (3 the DBI 
equations reduce to Maxwell equations in a curved spacetime with metric g mn {z)- 
The traditional way of solving DBI equations is to choose first a gauge field 



ansatz and then work with an effective determinant. The advantage of ( 2.36 ) is that 
they are valid for a general class of gauge field configurations, including time and 
space dependent field strengths. 

As a simple application of the method described above, we will consider the case 
the field strengths Tmn depend only on the radial coordinate z. This case is relevant 
to describe the physics of constant electric and magnetic fields in the boundary. In 
this case we can integrate out (|2.36 ) and obtain 



" = -^q^I^ + y V*"" + y Va^^ A<t + • • • } (2.37) 



This equation is equivalent to ( [2.18 ) and will be used in the next section to calculate 



the conductivity in the presence of constant electric and magnetic fields. 



3. DC conductivity in 3 + 1 dimensions 

Now we consider the problem of charge transport in a 3 + 1 dimensional strongly 
coupled field theory in the presence of constant electric and magnetic fields. The way 
of describing this system in holography is by considering a five dimensional effective 
DBI action of the form ( [2. 3D with a gauge field of the form : 



A (z) = f (z) 



A(z, x) = f(z) — Et + -B x x . 



(3.1) 



For simplicity, we also assume that the metric is homogeneous and isotropy in the 
spatial directions x in the sense that gu = g 2 2 = #33 := g X x(z). 

As discussed in the previous section, the DBI equations in the case where the 
field strengths depend on the radial coordinate z only can be written as Q2.37 ). For 
the ansatz ( [3.1|) the equations (|2.37|) take the form 



Q(z) -Q 
7/3 2 



Q(z 



-J 



-gg zz g 00 



-gg zz g xx 



1 + (3\g xx Y\B\ 2 d z f + f3 2 (g xx Y(E x B) ■ (d z f) 



(3.2) 



1 + /3VV1£| 2 d z f 



(3 2 g 00 g xx (E ■ d z f)E — (d z f )E x B + &\g xx )\B ■ d z f)B \ (3.3) 
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where 



Q(z)= Qo(2) + m uu l + /3 2 (g xx Y\B\ 2 (d z f ) 



+ /3 2 g zz g xx 



l+(3 2 g 00 g xx \E\ 2 \dj\ 



- P A g zz g°\g xx f [-2(d s f )(E x 5) ■ (d z f) + (E ■ «9J) 2 

2 >. 1/2 

+ W) 3 [B.9/ 



and 



Q (z) = l + (3 2 g 00 g xx \E\ 2 + {g xx f\B\ 2 + ^g m {g xx f{E ■ B) 



(3.4) 



(3.5) 



Note that Qo(z) does not depend on the functions fo(z) and f(z). 

Taking the scalar product of ( |3.3| ) with E, B and E x B respectively we get the 
following equations 

Q(z) 



7/3 2 3 



E-j = -V=gg zz g xx { (e ■ dj) + P 2 (g xx ) 2 (E ■ B)(B ■ d z f)j , (3.6) 

1 + p* g <*>gr\E\ 2 + p 2 (g xx ) 2 \B\ 2 } (B ■ dj) 



-gg zz g xx 



(3 2 g m g xx (E-B)(E-d z f) 



Q{z) 

7/S 2 



(ExB)-j 



-gg zz g xx 



i + / 3VV1^l 2 (ExB)-(dJ) 



p 2 g 00 g™\E x B\ 2 d z f 



(3.7) 



(3. 



3.1 Solutions of the DBI equations 

We can solve the system (|3.6|) and (|3.7|) as a function of Q(z). The result is 

Q{z) 



^ Qo{ z)l B + ^ 00 ^ E -^ E \-l 

Q(z) 



^g zz g xx E ■ dj 



lP 4 Qo(z 
Q(z) 
iP 2 Q*{z 

Q(z 



-3b 



Q (z)j-E-(g xx ) 2 (E-B)j B 



7/3 4 Qo(^ 



JE 



(3.9) 



(3.10) 



Similarly, we can solve Q3.2|) and ( |3.8|) as a function of Q(z). The solutions are 
given by 



Q{z) 

lP 2 Qo(z) 



2„-0 



p(gry\ExB\'j 
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+ 



1 + f3 2 (g xx ) 2 \B\ 2 (E x5)-/J 



Qjz) 



-JEB 



(3.11) 



99 zz 9 00 d z f 



Q(z) 



Q(z) 



1 + /?VV1^| 2 ] J° + P 2 g 00 g xx (E x5)-j) 



7/3 3 QoW 
Using these results in ( |3.3|) we get 



(3.12) 



-99 ZZ 9 XX 



7/3 2 Qo(^) 

- P(g xx ) 2 ] E xB- (g xx ) 2 j B B \ . (3.13) 



Finally, using the solutions in the expansion for Q(z) ( eq. [T^]) we find a solution 
for Q(z) : 



l/3 2 Qo(z) 



r\ ( \ i \ (g xx ) 3 ~2 g 00 (9 xx ) 4 -2 



(3.14) 



where 



X (z) := 7 2 /3 4 + 



(3 2 g 00 (g xx ) 2 



1 + /?VV1^| 2 



|j| 2 + fg^gTU ■ Ef 



(3.15) 



Note that Q(z) has now been expressed in terms of the physical quantities of the 
system, namely the charge density j°, the electromagnetic current j and the electric 
and magnetic fields E and B. 



3.2 The Karch-O'Bannon's procedure and the conductivity tensor in a 
general frame 

The onshell DBI action can be written as 

Sdbi = " / d 4 xd Z1 (z)^g-Q(z) , (3.16) 

with Q(z) given by ( pM4| ). 

The Karch-O'Bannon's procedure proposed in || and further developed in 0, [5] 
consists in imposing the reality constraint on the onshell DBI action. In a general 
class of backgrounds the metric blows up at the boundary while the component gu 
vanishes at the horizon. Under these circumstances, it is not difficult to see from 
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( |3.5|) and (|3.15|) that the functions Qq(z) and x( z ) should have a zero at a point 
z = z* and z = z x respectively. Using the identity 



1 + f3 z g w g xx \E\ 



2, ,,A E ' B ) 2 



1 + W) 



E 2 



Qo(z)-^(g xx ) 



2f JExB\ 2 



(3.17) 



we conclude that 1 + (3 2 g 00 g xx \E\ 2 < at z = z*. Therefore, in order to avoid an 
imaginary action we find from ( |3.14| ) that j and js must vanish at z — z*. Since 
1 + (3 2 g 00 g xx E 2 is also positive at the boundary it should have a zero at z = zga, 
which is closer to the boundary than z+. Analyzing all the possible localizations of 
z x with respect to z* and ze^ leads to the conclusion that z x = z* (for more details 
see §). 

In summary, we find from the reality constraint on the action that at some point 
z = z* the following equations must be satisfied : 



Qo = 1 + Fg w ff"\E\ A + (3\g xx YW + /?V VT(£ ■ B) 
h = -P 2 

Jo = P 
X = 7 2 /? 4 + 







J ■ B + /3 2 g 00 g xx (E ■ B)j ■ E =0 

1 + 2 g oo g™\E\ 2 ] f + P 2 g 00 g xx j- (ExB)\=0 
f3 2 g°\g xx ) 2 



\j\ 2 + (3 2 g m g xx (j.E) 

1 + f3 2 g 00 g xx \E\ 2 

From eqs. flSTTB] ), ( |3TT9D and ( p^OP we get 

1 + f3 2 (g xx f\B\ 2 = -f3 2 g m g xx \\E\ 2 + f3 2 (g xx ) 2 (E ■ B) 2 
(3 2 (g xx ) 2 \E x B\ 2 f 







(3.18) 
(3.19) 

(3.20) 
(3.21) 



3 -(Ex B) 



(3.22) 
(3.23) 

(3.24) 



1 + f3 2 (g xx ) 2 \B\ 2 
j-B = -p 2 g 00 g xx (E-B)j-E. 

The spatial current j can be decomposed into projections on E, B and E x B as 
E x B\ 2 { 

(j- B)\E\ 2 - (J • E) (E -B) B+j-(ExB)ExB\. 



J 



+ 



(j ■ E)\B\ 2 - ■ B)(E ■ B) 



E 



(3.25) 



Using ( gj|) , ( ET24D and (p5|) we get 

-f f3 2 g xx 



1 + f3 2 {g xx ) 2 \B\ 2 
g xx fE xB\. 



g m (j-E) E + f3 (g xx ) (E ■ B)B 



(3.26) 
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Using ( |3. 21 ) and ( 3.26|) we can solve j ■ E. Assuming j ■ E > we get 



j-E 



9oo 

> 



{g XX f 1+(3 2 ( 9 ™) 2 \B\ 2 ^4 + ^2^0) 



(3.27) 



Writing the current as ji = UijEj we get the conductivity tensor 



a 



9 U 



I + f3 2 (g xx ) 2 \B\ 2 
x [Si, + fi^gTfBiBj] + !-!r/ , <, jl ,Ik\ ■ 



{g xx f i + ng xx ) 2 \B\ 2 7 2 /? 4 + W 



(3.28) 



This result is consistent with the one obtained in || |5|] for the D3-D7 brane model. 
In that case the induced metric can be written as 



ds 2 D7 

R 2 



1 



z 2 + 



cos 2 6{z)dQl . 



z^ 



z 



H 



+ (d z ef 



dz 2 



(3.29) 



The black brane horizon is related to the field theory temperature by z^ = y/2/ (vrT). 
The dilaton is just = g^ 1 and the AdS radius is given by R= (4vrA) 1 / 4 v / a 7 with 
A = g s N c . Then, comparing to Q2.5Q we obtain 



0(z) 



2na' r-,-1/2 

^1 



1 (z) = ^V s sR 8 cos" 9(z) = ^ 
If 

9xx{Z) = — I 1 + 



cos 3 6>(z) , 



z^ 



z 



H 



(3.30) 



Our result (|3.28|) is also consistent with that obtained recently in [12|, [L3|], using 
the method of open string metric. 



3.3 The Drude limit and holographic metals 

As observed in @, [5| , the Drude limit is obtained by neglecting the effects of pair pro- 
duction (large mass limit) and higher powers in the electric field. In our framework, 
this corresponds to the limit 7 — >• and goo —> 0. Then (|3.28|) reduces to 



D 



liM 



1 + 



\B\ 2 



BiBj 

Su + 



V 2 M 2 



Bk 



(3.31) 
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where 



\iM = -g xx (z<) . (3.32) 

As shown in appendix A, this is exactly the Drude conductivity that describes a 
metallic behavior for particles with density j° and mass M. Note that in the case of 
a black brane the induced metric contains a horizon defined by goo — 0- Then in the 
Drude limit the point z = z* coincides with the horizon Zh- In particular, for the 
D3-D7 brane model we get from ( [3.30|) : 

uM = 2-^- = - \/AT 2 , (3.33) 

y/'Kzjj 2 

where A = 4n\. As discussed in || this result can also be obtained by computing 
the drag force on the charge carriers in the holographic metals. 

The temperature dependence in ( |3.33j ) is typical of metals. In the next section 
we will consider backgrounds with Lifshitz symmetry where the conductivity has a 
different dependence on temperature. 



4. DC conductivity in 2+1 dimensions 



In 2 + 1 dimensions the magnetic field is a scalar so the gauge field ansatz takes the 
form 



A (z) = fo(z), A(z,x) = f(z) - Et + \BeijXix 



3 > 



(4.1) 



where Xi is the unit vector in the spatial directions i — (1,2) and is the Levi-Civita 
symbol. Since the field strengths depend only on the z coordinate we can use ( p. 37] ) 
to get the DBI equations : 



o 



-J 
-J 



10 1 



Q{*) 

7/?V 



~_l gZZg oo 



g zz g xx 



1 + /3 VT^ 2 d z f + P\g xx )\E ■ d z f)B (4.2 



Q(z 
B(d z f )E 



1 + (3 2 g 00 g xx \E 



d z f-P 2 g 00 g xx (E-dJ)E 



(4.3) 



where E = e^Ejii and Q(z) is given by 



Q(z) = {Q (z) + ^g zz g w [l + p 2 (g xx ) 2 B 2 ](d z f o y 
+ 2 g zz g xx [l + p 2 g 00 g xx \E\ 2 ]\dJ\ 2 
- ^g zz g°°(g xx ) 2 [-2dME ■ dJ)B + (E ■ dj) 2 ]} 1 ' 2 



(4.4) 



13 



with 



Q (z) = 1 + 2 g oo g xx \E\ 2 + fi 2 {g xx ) 2 B 2 . (4.5) 

Following a procedure similar to that described in the previous section we solve 
2D and ( [4. 3D in terms of Q{z). We find in this case 

Q(z) 



gg zz g w d z f 



lP 2 Qo{z) 

Q(z) 

" lP 3 Qo(z) 



l + (3 2 g 00 g xx \E\ 2 f + ^g w g xx Bj.E 



i o2„00xx 



JO 



^gg zz g xx E ■ d z f 
^g zz g xx E ■ d z f 



Q(z] 



Q(z 



j-E 



lP 2 Qo(z 
(3 2 {g xx ) 2 B\E\ 2 f 



[l + (3 2 g zz g xx B 2 ]j-E 



(4.6) 
(4.7) 

(4.8) 



-gg zz g xx 



i + p 2 g w g xx \E\ 2 d z f 



Q(z) 



l(3 2 Qo{z) L 
+ P 2 g 00 g xx Q (z)(j-E)E 

+ 0(g xx ) 2 j Be] , 



(4.9) 



Finally, using the results (([O]), flO|), (U) and (^9|) in (pUl) we find a solution for 
Q(z) in terms of the current and electromagnetic fields : 

lP 2 Qo(z) 



Q{z) 



Qo(z) X {z) + 



{g xx ) 2 



(4.10) 



[l+/3 2 g 00 g xx \E\ : 



where 



p2 g 00 g xx 



X (z) := + 



1 + (3 2 g 00 g xx \E\ 2 



\j\ 2 + P 2 g w g xx (j-E) 



(4.11) 



4.1 The conductivity tensor 

Following the Karch-O'Bannon's procedure, described in Section 3, we find that the 
reality constraint of the onshell DBI action leads to the following conditions at z = z* 



Q = l + f3 2 g m g xx \E\ 2 + f3 2 (g xx ) 2 B 2 = , 

\ + f3 2 g 00 g xx \E\ 2 ]f + p 2 g 00 g xx Bj.E 

P2g00 g xx 



Jo = P 
7 2 /? 4 + 



l + P 2 g°°g xx \E\ : 



\j\ 2 + P 2 g w g xx (j-E) 







(4.12) 
(4.13) 

(4.14) 
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From equations (|4.12 ) and ( [4.13 ) we get 

1 + (3 2 (g xx ) 2 B 2 = 
1-E-- 



P 9 9 \E\ , 
f3 2 (g xx ) 2 \E\ 2 Bf 



' [1 + f3 2 (g™) 2 B 2 } ' 
The current can be decomposed as 

(j-E)E + (j-E)E] 



\E\ 2 

Using ( P~T5D and ( gig ) in ( ^T7|) we obtain 
Using ( |4.14 ) and ( 4.18| ) we solve j ■ E. Assuming j ■ E > we get 

j-E = - 9 -^V(g xx ) 2 [i + P 2 (g xx ) 2 B 2 } 7 2 /? 4 + (3 2 (f) 2 . 

Writing the current as ji = UijEj we get the conductivity tensor 

(g xx ) 



[1 + p2(gxx)2 B 2] 

(3 2 g xx B 3 \ l3 ]. 



g xx ) 2 [l + (5 2 (g xx ) 2 B 2 ] 1 2 f3^ + /9V)2 k 



(4.15) 
(4.16) 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



In this case the conductivity has two identical diagonal components an = a 2 2 and 
two opposite non-diagonal components o"i 2 = —cfvx- Remember that in (|4.20| ) the 
parameters f3 and a as well as the metric g xx are evaluated at the special point 
satisfying Q (-2*) = 0. 

Our result ( |4.20|) is also consistent with that obtained recently in |12|, |13[ , using 
the method of open string metric. 



4.2 Lifshitz symmetry and strange metals 



Here we consider the finite temperature background considered in |TT| in a holo- 
graphic approach to strange metals. The induced metric of a Dp-brane in the mass- 
less case can be written as 

^ = W_M* + *^ + ^+*^) +< m>, (4.2i) 

V v Zz J{v)v z v z J 

where Q is a compact submanifold and v is the radial direction that extends from 
the boundary v — to the horizon v + . 
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The function f(v) is model dependent but satisfies the universal condition f(v 
0. As a consequence of this condition we get 



4ttv 



2-1 



(4.22) 



The metric (|4 .21 ) realizes Lifshitz symmetry through the following scaling trans- 
formations : 



t ->■ \H 



x — > \x 



v — y Xv . 



(4.23) 



The parameter z is then interpreted as the dynamical critical exponent of the quan- 
tum critical sector in the dual field theory. 

The Dp-brane action corresponding to (|4.21| ) can be written as in ( |2.5|) with 



0(v) 
lip) 



2W, 

(J> P Vne~ 

R 2 



eff> 



9xx{V = — 
V 



(4.24) 



Therefore, from ( f4.20| ) we get for the Lifshitz background the conductivity tensor 
1 



+ 



r2 // (2vra') 4 + (-^)X 4 (j ) 2 ^ 



R 2 



(4.25) 



This result is consistent with the one obtained in |TT| . In the limit of large densities 
the conductivity tensor reduces to 



0",. 



[1 + C-jfYviB*] 



.2wa\ on 
On + ( — l^iJe,;, 



R 2 



P~ 



1 + 



1FW 



B 



(4.26) 



The parameter p is interpreted as the DC resistivity which has the following temper- 
ature dependence : 



P 



R 2 



T 2/z 



2ira'v 2 j° 



(4.27) 



For the case z = 2 the DC resistivity is linear in the temperature, as expected for 
strange metals. Note that the second line in (|4.26 ) is the same obtained in a 2 + 1 
dimensional Drude model with \xM given by 

R 2 

fiM = = ~ T 2 I~ Z . (4.28) 



2ira'v 
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5. Conclusions 



We have proposed a simple expansion method to investigate DBI equations and define 
holographic currents in a general class of backgrounds (whose metric depends on the 
radial coordinate only) and Dp-brane configurations. Our method is alternative to 
the traditional approach where an effective determinant is calculated for each field 
configuration. In our method, we write the DBI equations for arbitrary gauge field 
configurations before choosing any ansatz. We expect that our results would be 
useful in several holographic models that are derived from String Theory. A future 
direction in our approach would be to extend the expansion method for the case of 
backgrounds with conical deficits (see for instance [PH). 

As an application of our method we have discussed thoroughly the situation 
where constant electric and magnetic fields are turned on. Following the Karch- 
O'Bannon's method we found for a general background, satisfying homogeneity and 
isotropy, a frame-independent expression for the conductivity tensor in 3 + 1 and 
2 + 1 dimensions. For particular backgrounds we have recovered previous results on 
holographic metals and strange metals. An interesting point in that analysis was 
that the presence of a horizon guarantees the existence of a solution that satisfies 
the real constraint. 

It would be interesting to investigate also physical systems where the elec- 
tric/magnetic fields have a time or spatial dependence. We leave this problem for 
future work. 
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A. The Drude model 



The Drude equation for an electromagnetic current can be written as 

j°E-fiMj+jxB = 0, (A.l) 

where /i is the drag coefficient and M is the mass of the charge carrier. We can write 
this equation in a matrix form : 



(A.2) 



where 



M 



(A.3) 



The inverse of this object is 



-i 



1 + 



\b\ 2 

a 2 M 2 



+ BiBl 



Using this result we get the Drude conductivity 



,;0 



I) 



HM 



1 + 



\B\ 2 
i 2 M 2 



5ij + 



B;B 



Bi 



+ e 



B, 



^2 M 2 ' 



(A.4) 



(A.5) 



B. The effect of a 5-d Chern-Simons term 



In some brane models that reduce to five dimensions we obtain an effective Chern- 
Simons (CS) action 



S, 



a 



cs 



,6 ^ I d xdz *A.pJ~ mrJ" pq • 



(B.l) 



In the special case of (|3.1|) , where we have constant electric and magnetic fields, 
the DBI-CS equations reduce to 



-J 



= aE ■ B , 

7/3 2 r 

Q(z) V 

6aB ■ f 

Q(zV 

i2 00 xx 



(B.2) 



-gg zz g 00 



-99 zz g xx 



1 + f5\g xx ) 2 B 2 d z f + P\g xx )\E x B) ■ (d z f) 



1 + (3 2 g w g xx \E\ 2 d z f 



(B.3) 



(E-d z f)E + (d z f )ExB +(3\g xx )\B-d z f)B 



+ 6a 



foB + fxE 



(B.4) 
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Here the quantities j° and j are integration constants, not necessarily the electro- 
magnetic current 3 . 

According to eq. ( |B.2| ) the electric and magnetic field must be orthogonal 4 . Note 
that we can rewrite the last term in (IB. 41) as 



Qa 



foB + fxE 



Qa 



f \B\ 2 + (E x B) ■ f 



B (B.f) 



\B\ 



\B\ 



Ex B\. (B.5) 



Here we used the vectorial decomposition 
1 



./ 



+ 



(f ■ E)\B\ 2 - (f ■ B)(E ■ B) 



E 



E x B\ 2 

(/ • B)\E\ 2 - (/• E)(E -B) B + f-(ExB)ExB\. 



(B.6) 



and the constraint E ■ B = 0. 

Taking the scalar product of ( B.4|) with E, B and E x B respectively we get the 
equations : 



^~gg zz g xx E ■ d z f 
^g zz g xx B ■ d z f 



Q(z 



j-E 



j ■ B + Qa 



f \B\ 2 + (E x B) ■ f 



(B.7) 
(B.8) 



^gg zz g xx 



(E x B) ■ d z f- [3 2 g m g xx \E x B\ 2 d z f } 



j ■ (E x B) - Qa{B ■ f)\E\ 



(B.9) 



Here we used E ■ B = . From 

V^~gg zz g xx {E x B) ■ dj = 

+ 



and 

Q(z) 



we get 
- f3 2 (g xx ) 2 \E x B\ 2 j° 



Q(z) 



1 + l3 2 (g xx Y\B\ 2 j-(ExB)- Qa(f ■ B)\E\ 



] EB -Qa(3 3 (f-B)\E\ 



(B.10) 



gg zz g 00 d z f 



Q(z) 



~/p 2 Qo(z) I L 
+ f3 2 g 00 g xx j -(Ex B) + Qaf- B 



3 The definition of holographic currents in the presence of a Chern-Simon term is subtle because 
of chiral anomaly (see for instance J!?], |l^, [l9| ) 

4 If we want to consider parallel electric and magnetic fields we would need to introduce a time 
dependence on the Ao component (see for instance ]17[) 
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Q(z) 



jo + 6a(3f B\. 



(B.11) 



Using 



BM , Q and (1B7TTD in (gj) we get 

1 + f3 2 g 00 g xx \E\ 2 



-gg zz g xx 



Q(z) 



-P 2 



Qo(z) 



dj - (B ■ d z f) 
B 



B 



\B\- 



(g xx ) 2 Pj -6-^- l + p 2 g 00 g xx \E\ 2 (B-f) 
\B\ 2 1 J 



\B 2 \_ 

4 Qo(z)g oo g xx 0-E)E 

E x 5 j (B.12) 



We can take the derivative of (p.8|) and use (p.lOj ) and ( B.ll|) to get a second order 
differential equation for B ■ f : 



-gg zz g xx 



Q(z) 1 



Q 


» 


- 6a 


0oo0 s 



-gg zz g xx d z (B ■ f) 



6a{9oo9 xx P 2 \B\ 2 j -j EB + 6a g 00 g xx (3 2 \B\ 2 + (3 2 \E\ 2 (3B-f\. (B.13) 



Finally, using 



(|B~TUD , ( p~TT|) and ( gig ) in the definition of Q(z) we get 



^ 2 Qo(z) 



1 + P 2 g zz g 



^(B-djJ 



\B\< 



1/2 



+ (g xx f 1 + f3 2 (g xx ) 2 \B\ 2 
-2g 00 (g xx y[j + 6a(3B-f 

g 00 (g xx ) 2 



2 



j + 6af3B ■ f 
j EB -6af3 3 (B-f)\E\ 2 



+ 



ff 1 



1 + /3VV°I^| 2 



Qo(z) 



-P 2 j + f3 2 (j-B) 



B 



- p /l Qo(z)g 00 g xx (j-E)E 



(^ x ) 2 /3j'o-6^- 1 + /3VV1£| 2 (5'/) 



Ex B 



2>, -1/2 

(B.14) 
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